Abstract. We show a geometric rigidity of isometric actions of non-compact (semisimple) Lie groups on Lorentz manifolds. Namely, we show that the manifold has a warped product structure of a Lorentz manifold with constant curvature by a Riemannian manifold.
Introduction
Recall the following result of [10] , which shows how homogeneous spaces are rare in Lorentz geometry (in comparison with the Riemannian case, say).
Theorem 1.1 ([10]). If (M, g) is a homogeneous Lorentz space of dimension ≥ 3, with irreducible isotropy group, then it has constant sectional curvature.
Observe that the statement in [10] seems weaker than that above, since the isotropy group is assumed to satisfy the supplementary condition of non-precompactness. However, this follows from irreducibility. Indeed, in the same vein as [10] , the principal result of [3] says how irreducibility is strong in the Lorentz setting.
Theorem 1.2 ([3]). A Lie subgroup H (not assumed a priori to be closed) of O(1, n), which does not preserve any one-dimensional isotropic subspace of R 1+n , is up to conjugacy, a union of some components of some O(1, p) ⊂ O(1, n). In particular, if H acts irreducibly on R
1+n , then H contains SO 0 (1, n).
Our goal in the present article is to relax homogeneity by considering (nontransitive) isometric group actions. This work is actually motivated by the study of isometric Lie group actions on non-compact Lorentz manifolds, for instance in the same vein as [1, 7, 6] , ....
To simplify, we will always assume that all the given group actions are faithful.
1.1. Warped product structure versus partial homogeneity. We first ask whether there is an adaptation of Theorem 1.1 to non-transitive isometric actions. In this situation, we consider a group G acting isometrically on a Lorentz manifold (M, g). Each orbit is a homogeneous space. However, the causal type of the orbit may be timelike, spacelike, or lightlike, that is, the induced metric may be Lorentzian, Riemannian or degenerate, respectively. The following generalization of Theorem 1.1 relies on the existence of orbits of Lorentz type satisfying irreducibility. It says roughly that the space is partially of constant curvature.
Theorem 1.3. Let G be a Lie group acting isometrically on a Lorentz manifold (M, g) of dimension ≥ 3. Suppose there exists an orbit N which is a (homogeneous) Lorentz space with irreducible isotropy (restricted to T N).
Then N is a complete space of constant (sectional) curvature, and G contains the identity component Isom 0 (N ) as a factor. Furthermore, a neighborhood of N is a warped product L × w N , where L is some Riemannian manifold and the factor N corresponds to the orbits of Isom 0 (N ).
Definition and fundamental properties of warped products are in §2.
1.2. Non-properness versus irreducibility. Let us go a step further, and try to get rid of the irreducibility hypothesis. In fact, irreducibility is an algebraic condition which looks somehow inappropriate in our dynamic-geometric setting here. We want to substitute for it a more natural dynamical condition. Our theory is that non-properness is good enough for this role.
1.2.1. Recalls. We find it worthwhile to "make some order" around the concept of non-properness of actions. This will be useful in the sequel (statements and proofs).
Recall that an action of a group G on a space M is called proper if, for any sequences (x n ) of M , and (g n ) of G, whenever (x n ) and (g n x n ) converge in M , then some subsequence of (g n ) converges in G.
For our purpose here the following variant will be useful. If M is a metric space (this is the case for a manifold, since it can be endowed with a Riemannian metric), a family F of mappings is said to be equicontinuous on a point x ∈ M if for each > 0 there exists η > 0 such that for y ∈ M and f ∈ F we have
The family is said to be equicontinuous on a subset U ⊆ M if it is equicontinuous on every point in U . We say that the action of G is locally equicontinuous, if for any sequences (x n ) of M , and (g n ) of G, whenever (x n ) and (g n x n ) converge in M , then a subsequence of (g n ) is equicontinuous on a neighborhood of the limit x of (x n ). Therefore, a subsequence of (g n ) is converging in the group of homeomorphisms of that neighborhood, but the limit is not necessarily a restriction of an element of G. Obviously, a nonlocally equicontinuous action is non-proper. The converse is not true. The standard example of a non-proper but locally equicontinuous action is the usual linear action of R on the torus with dense orbits. In general, the any non-closed Lie group of the isometry group of a compact Riemannian manifold is locally equicontinuous but not proper. Another example is the action of the universal coverG on a Lie group G (via the canonical projection). It is always locally equicontinuous, but proper only if G has a finite fundamental group (because it is not faithful). Observe nevertheless: For the proof, recall the well-known fact that a C 0 -limit of pseudo-Riemannian (smooth) isometries is a smooth isometry, and that the Lie group topology coincides with the C 0 topology. This is equivalent to saying that the isometry group is closed in the group of homeomorphisms. (Actually, this fact is true for all rigid geometric structures.) For G a simple Lie group with finite center, recall that its image under a homomorphism into any Lie group is closed, and that G is a finite cover of it. An analogous argument applies to the semi-simple case with finite center. Therefore, in statements (essentially within proofs) below that involve semisimple Lie groups, we will not worry about distinction between compactness and pre-compactness.
A G-homogeneous space G/H is non-proper if the left G-action on it is nonproper. This is equivalent, for general G, to non-precompactness of H and to non-compactness of H when G is semi-simple. 
The following fact will be useful in proofs, and also gives an exact geometric and algebraic description of N , 
iii) A (cyclic) covering of the anti de Sitter space SO(2, n)/SO(1, n) (of negative constant curvature).
2) Assume G is semi-simple, and the isotropy is non-compact. Then the same conclusion holds but the Minkowki possibility is excluded. Remarks 1.7. 1) In both theorems above, the warped product is local, i.e. not the whole space is a warped product. To see this, one considers the
n , then the warped product is defined exactly on the region q > 0.
2) The result does not seem to be optimal, that is, it might be generalized to other groups.
3) Warped product structures on universal covers of compact Lorentz manifolds with strong dynamics are obtained, for instance, in [4, 11, 12 ].
1.3. From non-proper actions to non-proper homogeneous spaces. Let us go another step, by asking how to get such non-proper orbits from a global condition on the action. For instance, is orbital non-properness inherited from non-properness of the (ambient) action?
Theorem 1.8. Let G be a semi-simple Lie group of finite center acting isometrically and non-properly on a Lorentz manifold M . Suppose that no (local) factor of G is locally isomorphic to SL(2, R). Then there is a point with a non-compact stabilizer. In particular, the restriction of the action of G to its orbit is nonproper. More precisely, the stabilizer of some point contains a non-trivial unipotent one-parameter group. (In other words, a non-proper Lorentz G-space contains a non-proper G-homogeneous orbit.)
This result allows one to get from (non-transitive) actions to homogeneous (i.e., transitive) ones. This is a common philosophy for actions with strong dynamics in a geometric setting. The result here is in particular reminiscent of the so-called Zimmer Embedding Theorem (see for instance [13] ). Unfortunately, the orbit is a non-proper homogeneous space, but not necessarily Lorentz! The nuisance is that it can be lightlike (degenerate); another story. 
Lemma 2.1. Let E (resp. F ) be a Lorentz (resp. Euclidean) vector space. Denote by O(E) and O(F ) their respective orthogonal groups. Let H be a Lie subgroup of O(E) × O(F ), whose projection on O(E) acts irreducibly on E.

Then, H contains a subgroup H ⊂ O(E) × {1}, which contains the identity component of O(E) × {1}. In particular: -Any linear H-invariant mapping
-The same is true for any H-invariant bilinear antisymmetric mapping E ×E → F .
Proof. We infer from the irreducible case of Theorem 1.2 that the projection H of
Since O(F ) is compact, H is isomorphic to the non-compact semi-simple Levi factor of H . Therefore, H contains a subgroup isomorphic to H, that is, there exists a homomorphism ρ :
Now, ρ must be trivial since a semi-simple Lie group of non-compact type has no non-trivial homomorphism into a compact group.
For the last two conclusions of the lemma, one can assume F = R. The kernel of the linear mapping f is O(E)-invariant; hence, it is trivial by irreducibility. A similar argument yields triviality of invariant antisymmetric bilinear mappings.
Group actions.
2.2.1. Proof of the first part of Proposition 1.6. From Theorem 1.1 and the irreducibility hypothesis, N has constant curvature. Let us consider the case where N is flat; the proof is the same in the other cases. Thus, N is locally isometric to the Minkowski space R 1,n , for which the identity component of the isometry group is the semi-direct product SO(1, n) R 1+n . From Theorem 1.2, the stabilizer in G must equal SO (1, n) acting on the tangent space of N ) .
Then Proof. The group G acts on N via a homomorphism G → Isom 0 (N ). Its image G 1 has irreducible isotropy, and therefore, from the first part of Proposition 1.6, N has constant curvature and G 1 = Isom 0 (N ). We now check that, in fact, G 1 is contained in G, and hence G splits as claimed. For this, consider x 0 ∈ N , and denote by H its isotropy group. The orthogonal space L x 0 of T x 0 N in T x 0 M is spacelike (the metric on it is positive definite). We are in a position to apply Lemma 2.1 with E = T x 0 N and F = L x 0 . It then follows that the identity component of the isotropy group of x 0 in G 1 is contained in H , and in particular in G. However, G 1 is generated by stabilizers of various points of N , and therefore, G 1 is contained in G.
Next, we investigate the G 1 -action on M near N . Let H be the isotropy group of x 0 in G 1 . Its action on L x 0 is trivial. Let exp x 0 denote the exponential mapping for the Lorentz metric and consider the (local) submanifold L x 0 = exp x 0 (L x 0 ). Then exp x 0 conjugates the infinitesimal action of H on L x 0 with its action on L x 0 . In particular, H acts trivially on this latter submanifold. That is, H is contained in the isotropy group of any point of L x 0 . An obvious semi-continuity argument implies that isotropy groups cannot be bigger. Therefore, we have a foliation by G 1 -orbits, all satisfying the same irreducibility condition for their isotropy groups. Our goal now is to prove that an open neighborhood of N in M is a warped product. So far, we have the orthogonal foliations N and L. One can say that the De Rham decomposition theorem is a criterion for a pair of such foliations to determine a (local) direct pseudo-Riemannian product. The condition is that (the tangent bundles of) N and L are parallel, or a priori more weakly, that leaves of N and L are geodesic. There is a similar, but more complicated, criterion for warped products [5, 8] . We will not use this criterion, but rather give a brief proof in our case. Our terminology here is close to that of [12] , which may be consulted for a more complete exposition. Let N and L be (local) leaves of a point x 0 for the foliations N and L, respectively. So, locally, M has an adapted topological product L × N . The metric can be written
• Let us show that h (l,n) = h, that is, it does not depend on n. This is clear since ,n) , where k(l, n) has the form (l, n ) (orbits of G 1 correspond to N ). Therefore g = h ⊕ m (l,n) (the geometric meaning of this fact is that N is a geodesic foliation [12] ).
• In order to understand the variation of m (l,n) as a function of (l, n), write x 0 = (l 0 , n 0 ), fix l 1 ∈ L and consider the mapping
S commutes with the G 1 -action on the G 1 -orbits of (l 0 , n 0 ) and (l 1 , n 0 ). In particular it commutes with the isotropy actions at these two points. As shown previously these isotropy groups are the full orthogonal groups of the Lorentz scalar products on their tangent spaces. In particular, they preserve, up to a multiplicative constant, only one Lorentz scalar product. This means that S is a homothety at (l 0 , n 0 ): the image metric equals the metric at (l 1 , n 0 ) (along N (l 1 ,n 0 ) ) up to a multiplicative factor w(l 0 , n 0 ). Now, since S commutes with the (full) action on orbits, it follows that w does not depend of n.
• The fact that N has constant curvature follows from Theorem 1.1 since N has irreducible isotropy.
• Finally, the splitting of G is that given in Lemma 2.2, which is obviously compatible with the warped product structure.
3. Proof of Theorem 1.5
We will first prove Theorem 1.5 under an additional homogeneity assumption, that is, G acts transitively on M . This will be a generalization of Theorem 1.1, where one keeps the non-precompactness assumption and replaces the irreducibility one by the semi-simplicity of the ambient group. We will the come back to the proof of Theorem 1.5 by the end of the present section, after proving the following transitive particular case.
Theorem 3.1. Let (M, g) be a G-homogeneous Lorentz space of dimension ≥ 3, with non-precompact isotropy group, and G a connected semi-simple Lie group with no (local) factor locally isomorphic to SL(2, R).
Then, there is a group direct product
where L is a Riemannian G 2 -homogeneous manifold, N is a Lorentz space of constant non-vanishing curvature, and
Proof. For x ∈ M , and a lightlike (i.e. isotropic) vector u ∈ T x M , consider the orthogonal hyperplane u ⊥ . Let C x be the set of those u for which u ⊥ is tangent to a totally geodesic (lightlike) hypersurface, that is, exp x (u ⊥ ) is a totally geodesic hypersurface (near x). The crucial fact, proved in [10] , is that non-precompactness of the isotropy group H x implies C x is non-empty.
• Suppose C x is finite. One can (locally) define only finitely many continuous sections x → u(x) ∈ C x . In particular, one can suppose that these sections are invariant under the G-action. In fact, to simplify notation in the following argument, one is allowed to suppose that C x has (everywhere) cardinality 1. Therefore,
⊥ . This distribution is integrable, the leaf at x being the geodesic hypersurface
From this we get that M possesses a codimension one G-invariant foliation. The quotient space is a 1-manifold. But a simple Lie group acting (non-trivially) on a 1-manifold must be locally isomorphic to SL (2, R) . This is impossible because of our assumption on G.
It then follows that C x is infinite, and hence generates a Lorentz subspace F x of dimension ≥ 3.
• The same argument as above allows one to check that the isotropy group cannot preserve a space of dimension 1. Nor can it preserve a Lorentz subspace of dimension 2, since the two isotropic directions in such a subspace would be preserved individually. To summarize, one can select a subspace E x of F x which is Lorentz, generated by its infinite subset E x ∩ C x , and on which the isotropy group acts irreducibly.
• From this, we define a G-invariant distribution E on which the isotropy group, at each point, acts irreducibly. As in the proof of Theorem 1.3, one defines an integrability obstruction tensor for E, which must vanish, by Lemma 2.1, since it is antisymmetric and invariant under the isotropy group. Therefore E is integrable. We denote by N its tangent foliation.
• Let N be a leaf of N , and G 3 the subgroup of G leaving it invariant. This subgroup acts transitively on N , since the foliation N is invariant under the transitive G-action. Moreover, G 3 contains the stabilizers (in G) of all the points of N , which, by construction, act irreducibly on the tangent space of each point of N . We can thus apply Theorem 1.3 to the G 3 -action. In particular, N has constant curvature, and G 3 contains G 1 = Isom 0 (N ), which induces a warped product L × w N in a neighborhood of N in M .
• One shows in a standard way the coincidence of the foliation N (given by the distribution E) and that given by the factor N in the warped product. Therefore, the warped product is G invariant, and is in particular global: M = L × w N .
• Now, we argue by contradiction to show that N has non-vanishing curvature, that is, N is not the Minkowski space. Indeed, N can be identified with the quotient space M/L endowed with its similarity Lorentz structure (that is, a Lorentz metric up to a (global) constant), which is preserved by the G-action. In other words, the semi-simple group G acts transitively by homothety on N . However, the similarity group of the Minkowski space R 1,n is (
. Any semi-simple subgroup of it is conjugate into O(1, n), and cannot act transitively.
• Since G acts transitively on M = L × w N by preserving the warped product structure, all the leaves {l} × N are isometric, and hence have the same curvature. However, metrics at two levels l 1 and l 2 are related by a factor w(l 1 ) w(l 2 ) . Curvatures are related by the inverse ratio. From constancy of the (non-vanishing) curvature, we infer that w is a constant function, that is, M = L × N is a direct product.
• Since G preserves the product structure of M and contains G 2 , which is the full (identity component of the) isometry group of N , G splits as claimed. This finishes the proof of Theorem 3.1. 4. Proof of Theorem 1.8
The following method has become a standard ingredient in the study of "geometric" G-actions; see for instance [1, 2, 7, 6] , .... One considers the action of the group G on the space S 2 (G) of symmetric bilinear forms on its Lie algebra G. There is a G-equivariant Gauss map Φ : M → S 2 (G). Non-properness of the G-action on M translates to a non-properness of the action of G on the image Φ(M ). This latter action is "algebraic", it has a poor dynamics, and is easy to understand. From this, one hopes to get information about the G-action on M .
In our case here, one shows that there exists a point q ∈ M such that G admits an isotropic subspace with respect to the symmetric bilinear form Φ(q), of dimension ≥ 2. Then the non-precompactness of the stabilizer stab(q) follows.
4.1. The Gauss map. Let G be a Lie group acting by isometries on a Lorentz manifold (M, h). For each X ∈ G, let X be the vector field on M given by
Let Φ : M → S 2 (G) be the so-called Gauss map given by
Recall the definition of the G-action on S 2 (G) given by (g.q) (X 1 , X 2 ) = q Ad g −1 X 1 , Ad g −1 X 2 for q in S 2 (G) and g in G, and X 1 , X 2 ∈ G. Then Φ is equivariant, that is,
Indeed, for g ∈ G and X ∈ G, we have
Hence, for X, Y ∈ G,x ∈ M and g ∈ G, we get (using the fact that G acts on M by isometries)
4.4. End of the proof. As we mentioned above, G acts non-properly on Φ(M ). Let G = KAK be the Cartan decomposition of G. Since G has a finite center, K is compact. So A acts also nonproperly on Φ(M ). From this, it follows that there exists H = 0, q ∈ Φ(M ) and λ 0 ∈ Ψ ∪ {0} + Ψ ∪ {0} such that λ 0 (H) < 0 and q λ = 0 for all λ ∈ Ψ ∪ {0} + Ψ ∪ {0} with λ(H) < 0. Put q = Φ x . Then α(H)<0 G α is isotropic with respect to Φ x . Hence the image of α(H)<0 G α by the map X → X x is an isotropic subspace of T x M , so its dimension is less than or equal to 1. However: Proof. This dimension cannot be 0, since G is semi-simple. If it equals 1, then the subalgebra α(H)≥0 G α has codimension 1 in G. This contradicts the nonexistence of an SL(2, R) factor (only simple groups locally isomorphic to SL(2, R) act on 1-manifolds).
We infer from this the existence of a non-zero element X ∈ α(H)<0 G α such that X x = 0, which yields exp(tX) ∈ stab(x), ∀t ∈ R. But elements of α(H)<0 G α are nilpotent, and thus generate non-compact groups. This finishes the proof of Theorem 1.8.
